Folding a 3D Euclidean Space

J. C. Lucero

Abstract: This paper considers an extension of origami geometry to the case
of “folding” a three dimensional (3D) space along a plane. First, all possible
incidence constraints between given points, lines and planes are analyzed by using
the geometry of reflections. Next, a set of 3D elementary fold operations is defined,
which satisfy specific combinations of constraints with a finite number of solutions.
The set consists of 47 valid fold operations, and solutions to some of them are
explored to determine their number and conditions of existence.

1 Introduction

Origami is the traditional Japanese art of creating figures by folding a sheet of pa-
per. In modern days, the term has been extended to denote constructions techniques
based on folding operations, and a number of applications to science and technol-
ogy have been proposed, e.g., in aerospace and automotive technology [Cipra 01],
civil engineering [Filipov et al. 15], biology [Mahadevan and Rica 05], robotics
[Felton et al. 14], and other areas. Its geometry has been studied through the
so-called “axioms” of origami, which are elementary fold operations that satisfy
specific incidence constraints between given points and lines on a plane. The ax-
ioms were introduced over three decades ago [Justin 86] and, since then, have been
expressed under a variety of forms [Alperin 00, Alperin and Lang 06, Ghourabi
et al. 13]. In their application, the folded medium (i.e., the “sheet”) is usually re-
garded as a 2D Euclidean plane, and extensions to the sphere and the hyperbolic
plane have also been considered [Kawasaki 11, Alperin 11].

What if, instead of folding a 2D medium, folds in higher dimensions are consid-
ered? This question has been considered from a topological point of view [Robert-
son 78]; here, an axiomatic approach is adopted. In regular 2D origami, folding
operations take place within a 3D space. If we increase one dimension, then we
have a 3D medium folded within a 4D (or higher) hyperspace. Further, instead of
folding along a line, the 3D folds take place along a plane. In this article, the 3D
case is explored by extending the folding axioms to an Euclidean space and consid-
ering incidence constraints between points, lines and planes. Following a previous
study [Lucero 17], the analysis is based on the geometry of reflections.
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Figure 1: Reflection of point P in plane A.

2 Reflections in 3D

Points are denoted by capital letters (P, Q etc.), lines by small Latin letters (m, n
etc.), and planes by small Greek letters (7, T etc.) except the fold plane which is
denoted by the special symbol A. The notations P € m and P € & mean that point P
is on line m and plane 7, respectively. Further, m C 7 means that line m is contained
in plane 7.

2.1 Reflection of a point

Following the definition of reflection in a line [Martin 98], reflection in a plane is
defined as (see Fig. 1):

Definition 1. Given a plane A, the reflection .#, in A is the mapping on the set of
points in the 3D space such that for point P

P ifPcA,
P' if P ¢ A and A is the perpendicular bisector plane of segment PP/,

Fa(P)= {
It is easy to see that F(P) = P iff Fx(P') = P.

2.2 Reflection of a line
Reflection of a line m in A is obtained by reflecting every point in m. Therefore,
Fa(m) = {Fa(P)|P € m}.

Let m' = %x(m). Then, lines m and m’ are coplanar, and the plane defined by
them is perpendicular to A. Consider the following cases:

1. If m and A are parallel (m || A), then m || m" (Fig. 2, left).

2. If m and A are not parallel (m }f A) then the intersection of A with the plane
spanned by m and m’ is a bisector of the angle between m and m’ (Fig. 2, right).

3. If m C A, then every point P € m is its own reflection (i.e., #A(P) = P), and
therefore m’' = m.

4. If m and A are perpendicular (m_LA), then the reflection of every point of m is
also on m; therefore, m = m’. Also, A divides m into two half-lines (rays), and
each half-line is reflected onto the other.
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Figure 2: Reflection of line m in plane A. Left: m || A. Right: m }f A.
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Figure 3: Reflection of plane 7 in plane A. Left: || A. Right: w }f A.

2.3 Reflection of a plane

Reflection of a plane 7 in A is similarly defined by .Zx(%) = {ZA(P)|P € n}.
Let #’ = .ZA(®). Then:

1. If w and A are parallel, then 7 || &’ (Fig. 3, left).

2. If  and A are not parallel then A is a bisector of the dihedral angle between ©
and 7’ (Fig. 3, right).

3. If © = A, then every point P € 7 is its own reflection, and therefore 7’ = 7.

4. If w and A are perpendicular, then the reflection of every point of 7 is also on 7;

therefore, 7 = 7. Also, A divides 7 into two half-planes, and each half-plane is
reflected onto the other.

3 Incidence constraints

Each 3D constraint involves an object ¢ and the image % () of an object 8 by
reflection in the fold plane A. The symmetry of the reflection mapping implies that
all incidence relations are symmetric.

A total of 12 different incidence constraints may be defined, as follows. For
convenience, incidences involving distinct objects (i.e., o # ) are defined sepa-
rately from those involving the same object (i.e., @ = 3).
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3.1 Incidence [;: #x(P)=Q, with P # Q
In this incidence, the reflection of a given point P coincides with another given

point Q. Its solution is the unique fold plane A which is the perpendicular bisector
of segment PQ (Fig. 1, with Q = P').

3.2 Incidence [,: Fp(m)=n, withm #n

In this incidence, the reflection of a given line m coincides with another given line
n. The following cases are possible:

1. If m and n are coplanar and m }f n, there are two possible fold planes. The fold
planes are perpendicular between them and their intersections with the plane
spanned by m and n are bisectors of the angles between those lines (Fig. 2,
right, with n = m’, shows one of the possible fold planes).

2. If m || n, there is only one solution, which is a fold plane perpendicular to the
plane spanned by m and n and equidistant to them (Fig. 2, left, with n = m’).

3. If m and n are not coplanar, then the incidence does not have a solution.

3.3 Incidence Iz: #p(m)Nn# 0, withmNn=10
In this incidence, the reflection of a given line m intersects another line n, and the
case in which m and n already intersect is excluded.

Assume first that m and n are not coplanar and consider a Cartesian system
of coordinates x,y,z such that m lies in the yz coordinate plane and passes through
point R(0,0, 1), and n lies in the z = —1 plane and passes through point Q(0,0,—1).
Let P(0,z,1) be an arbitrary point in m, where # is a parameter, and its reflection in
nbe P'(scos8,ssind,—1), where § # /2 is the angle with the x-axis, and s is a
parameter.

A fold plane A must be normal to segment PP’ and pass through its midpoint.
Then, A has an equation

52 —1?

sxcos0 +y(ssind —t) —2z = 7 (D

This equation defines a family of fold planes in two parameters (¢ and s). Its enve-
lope is the quadric surface

x? cos? & + 2xysin 8 cos § — y> cos> § — 4z = 0. 2)

Eq. (2) may be put into normal form by rotating the coordinate system around
the z-axis so as to eliminate the term in xy. A rotation by an angle 0 /2 produces

u?cos8 —v?sind — 4z =0, 3)

()= (S22, 3noy (3)

where
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Figure 4: Example of fold plane for incidence Iz in the case that m are not coplanar.
Plane A reflects m onto m’, which intersects n at P', and is tangent to the hyperbolic
paraboloid Y.

Eq. (3) describes an hyperbolic paraboloid that opens up along the u axis and
down along the v axis. An example is shown in Fig. 4.

If m and n are coplanar and do not intersect, then they are parallel. Letting
6 = /2 in Eq. (1) produces

2

t2 2

y(i—s)+2z= )
This equation describes any plane parallel to the x-axis that intersects the y-axis
(including the case that the fold plane is the xy plane itself) and is not perpendicular
to it.

If m and n already intersect at a point P and m # n, then there are two families
of possible fold planes:

1. Any plane A that passes through P reflects P onto itself, and therefore m’and
n intersect at the same point. This case may be included within incidence I;
(Section 3.7).

2. Any plane A that is perpendicular to the plane spanned by m and n and either
A contains the angle bisector of m and n, denoted as ¢, or A does not contain ¢
and is not parallel to it. This case may be included within incidence /;¢ (Section
3.10), which is solved by any fold plane perpendicular to a given plane 7. Plane
7 is the plane spanned by m and n, and the case in which the fold plane is parallel
to £ must be excluded.

If m = n then any fold plane solves the incidence, with the exception of planes
parallel to m and not containing it. This case does not constitute a valid constraint
(the family of fold planes still has three degrees of freedom; see Section 4.1) and
may be disregarded.
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3.4 Incidence Iy: Fp(m) =1, withw# 7

In this incidence, the reflection of a given plane 7 coincides with another given
plane 7. Two cases are possible:

1. If  Jf 7, there are two possible fold planes. The fold planes are perpendicular
and they bisect the dihedral angles between 7 and 7 (Fig. 3, right, with 7 = 7/,
shows one of the possible fold planes).

2. If || 7, there is only one solution, which is a fold plane parallel and equidistant
to both 7 and 7 (Fig. 3, left, with T = 7’).

3.5 Incidence Is: %5(P) € m, with P ¢ m

In this incidence, the reflection of a given point P is on a given line m, and the case
in which P is already on m is excluded.

Choose a Cartesian system of coordinates x,y,z so that point P is at (0,0,1),
and line m passes through point (0,0,—1) and is parallel to the y-axis. Let P/ =
Fa(P) € mbe at (0,£,—1), where ¢ is a free parameter. Computing the fold plane
A as in the previous incidence produces

2y —4z =1, (6)

which describes a one-parameter family of planes perpendicular to the yz coordi-
nate plane. Its envelope is

y
= 7
=7 @)
Eq. (7) describes a parabolic cylinder generated by a parabola in the yz plane,
with focus at P and directrix m, when translated in direction parallel to the x axis.

An example is shown in Fig. 5.

P
y ]
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A

Figure 5: Example of fold plane for incidence Is. Plane A reflects P onto P' € m
and is tangent to the parabolic cylinder Z.
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Figure 6: Example of fold plane for incidence Ig. Plane A reflects P onto P' € &
and is tangent to the paraboloid V.

If P € m, then any plane containing P or perpendicular to m reflects P onto m.
Those two cases are contemplated by incidences I3 (Section 3.8) and Iy (Section
3.9), respectively.

3.6 Incidence Is: #A(P) €, withP ¢ n
In this incidence, the reflection of a given point P is on a given plane 7, and the
case in which P is already on 7 is excluded.

The analysis is similar to the previous incidence. In the same Cartesian system,
let plane 7 be described by z = —1, and P’ = .Z5(P) € 7 be located at (s,z,—1),
where s and ¢ are free parameters. An equation for A is

2sx 42ty — 4z = s> +12, (8)
which describes a family of planes with two parameters (s and 7). Its envelope is
4y —4z=0. )

Eq. (9) describes a paraboloid generated by rotation around the z axis of a
parabola with vertex at (0,0,0) and axis coincident with the z axis. The parabola
has focus at P and its directrix is any line in 7 that intersects the z axis. An example
is shown in Fig. 6.

If P € &, then any plane containing P or perpendicular to 7 reflects P onto 7.
Those two cases are contemplated by incidences Ig (Section 3.8) and /11 (Section
3.11), respectively.

3.7 Incidence I;: Fp(m) C w,withm ¢

In this incidence, the reflection of a given line m is on a given plane 7, and the case
in which m is already on 7 is excluded.
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Assume first m Jf m, and choose a Cartesian system of coordinates x, y,z so that
the point of intersection of m and 7, denoted by O, is located at (0,0,0), plane ©
is the xy coordinate plane, and m is a line in yz plane forming an angle 6 # 7 /2
with the z-axis. An arbitrary point P € m is located at (0,sin8,cos 0)t, where ¢ is
a parameter. Its reflection P’ = .%5(P) is in 7 at (cos 8,sin8,0)z, where & is the
angle with the x-axis.

An equation for A is

xcosd +y(sind —sinB) —zcos 8 =0, (10)
which describes a family of fold planes in one parameter (). Its envelope is
x2+y200526—2yzsin000s6—z200326:0. 1D

Eq. (11) describes a quadric surface, and the equation may be put into normal
form by rotating the coordinate system around the x-axis so as to eliminate the term
in yz. A rotation by an angle —6 /2 produces

x2

p—r +ut =1 =0, (12)

(3) B (Csif 3//22 _czisnee//;) (z) (13)

Eq. (12) describes an elliptical cone that opens along the v-axis. An example is
shown in Fig. 7.

where

Figure 7: Example of fold plane for incidence I; in the case of m [f m. Plane A
reflects m onto m' € & and is tangent to the elliptical cone Q. For clarity of the
figure, only the upper nappe of Q is shown.

Next, consider the case m || . Let 7 be the plane z = —1, and m be a line
in the yz coordinate plane passing through point R at (0,0, 1) and parallel to the
y-axis. The reflection of m is m" = .Zx(m) C m, with m’ || m, and passes through
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Figure 8: Example of fold plane for incidence I; in the case of m || m. Plane A
reflects m onto m' € 7 and is tangent to the parabolic cylinder Y.

R = .Z(R) at (k,0,—1), where k is a parameter. An arbitrary point P € m is located
at (0,7,1), where ¢ is a parameter, and its reflection P’ = .% (P) is at (k,t,—1).
An equation for A is
—2kx+4z=—k*, (14)

which describes a family of fold planes in parameter k. Its envelope is
X —47=0. (15)

Eq. (15) describes a parabolic cylinder generated by a parabola in the xz plane
when translated in direction parallel to the y-axis. The parabola has focus in R and
its directrix is a line parallel to the x-axis and passing through the point (0,0, —1).
An example is shown in Fig. 8.

If m C &, then any plane containing m or perpendicular to 7 reflects m onto
7. Those two cases are contemplated by incidences 110 (Section 3.10) and I11
(Section 3.11), respectively.

3.8 Incidence I3: .#A(P) =P

In this incidence, the reflection of a given point P coincides with itself. It is satisfied
by any fold plane A passing through P. An arbitrary normal direction for A may
be defined, e.g., by the azimuthal angle 6 in the xy and the polar angle ¢ from the
z-axis. Therefore, the solution to the incidence is a family of fold planes with two
free parameters, namely, 6 and ¢.

3.9 Incidence Iy: Fa(m) =m, and 3P € m, Fa(P) # P

Both this and the next incidence consider the reflection of a line m to itself. In
the current incidence, half of m, defined from an arbitrary point R € m, is reflected
upon the opposite half.
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The position of point R may be specified by its distance s from a particular point
Py € m. A fold plane is perpendicular to m and passes through point R. Therefore,
the solution to the incidence is a family of fold planes with one free parameter (s).

3.10 Incidence I}o: Zx(m) =m, and VP € m, F#5(P) =P

This is the second case of reflection of line m to itself. In this incidence, each point
P € m is reflected to itself, and therefore the incidence is satisfied by a fold plane
containing m. There is an infinite number of such planes, an all of them have m as
intersection. Each plane may be specified by the dihedral angle ¢ from a reference
plane; therefore, the solution to the incidence is a family of fold planes with one
free parameter ().

3.11 Incidence [;;: Fx(n) =7, and 3P € m, Fp(P) # P

Both this and the next incidence consider the reflection of a plane 7 to itself. In the
current case, half of 7, defined from an arbitrary line m C 7, is reflected upon the
opposite half. Any fold plane perpendicular to 7 satisfies the incidence, and it may
be specified by an equation of the form n-x = k, where n is a normal vector and k
a parameter. Vector n is parallel to 7, and an arbitrary direction may be specified
by its angle & from a reference direction parallel to . Therefore, the solution to
the incidence is a family of fold planes with two free parameter, namely, k and §.

3.12 Incidence [15: Fx(n) =7, and VP € m, F5(P) = P

This is the second case of reflection of plane 7 to itself. In this case, each point
P € m is reflected to itself, and therefore the fold plane is A = 7

4 Elementary fold operations
4.1 Definition

A plane in 3D space is an object with three degrees of freedom. When an inci-
dence constraint is set for the fold plane A, satisfying the constraint consumes a
number of degrees of freedom, and that number is called the codimension of the
constraint. Incidences Iy, I, Iy and I;» have either a unique or a finite number of
solutions; therefore, they define constraints of codimension 3. Incidences Is, I7,
Iy and I1p have a family of solutions with one free parameter and therefore they
define constraints of codimension 2. Finally, incidences I3, Ig, I3 and ;| have a
family of solutions with two free parameter and therefore they define constraints of
codimension 1.

An elementary fold operation may be defined as the resolution of a minimal set
of incidence constraints with a finite number of solutions [Alperin and Lang 06].
Let us recall that the total codimension of the combination is at most the sum of the
individual codimensions. Therefore, that sum must not be smaller than 3.

Each of the incidences I}, I5, 14 and I already define an elementary operation.
Here, it may be argued that incidence /1, should be disregarded because it does



FOLDING A 3D EUCLIDEAN SPACE

not create a new plane. However, completeness of the set of possible operations
demands its inclusion. The other constraints must be applied in combinations, as
follows:

1. Two constraints of respective codimensions 1 and 2. There are four constraints
of each type, and so the total number of combinations is 4 x 4 = 16.

2. Two constraints both of codimension 2. The number N of possible combinations
when selecting r objects from a set of n objects and allowing repetitions is given

by [Rosen 12]
n+r—1 (n+r—1)!
N= =-— 16
< r > ri(n—1)! (16)
In the present case, two constraints (» = 2) are selected from a total of four
(n = 4), which results in 10 combinations.
3. Three constraints of codimension 1. Again, using Eq. (16) withn =4 and r =3
produces a number of 20 combinations.

However, incidence 111 may not be applied three times. If it is, then the fold
plane A must be perpendicular to three given planes. If two of them are parallel,
then the associated constraints are mutually redundant and therefore the total codi-
mension is less than 3, with an infinite number of solutions. If all given planes
are mutually nonparallel, then a fold plane does not exist (in an Euclidean space).
Hence, this combination does not define a valid folding operation. For similar rea-
sons, incidence /1; may not be combined with incidence Io, and also incidence Iy
may not be used twice.

The remaining combinations may not necessarily result in distinct operations.
Thus, a total of at most 47 valid operations may be defined, and some of them
are discussed in the next subsections. A notation in the format ailp, + - -+ + alp,
is used, meaning that incidences I, ...,I, are combined, and each one is used
ai,...,a; times, respectively.

k

4.2 Operation /s + I

This operation combines one constraint of codimension 2 (/5) and one of codimen-
sion 1 (Ig), and it may be stated as: Given a line m, a plane &, a point P not on m,
and a point Q not on =, fold along a plane to place P onto m and Q onto w. Its
solution is a fold plane tangent to the parabolic cylinder generated by P and m (Fig.
5) and the paraboloid generated by Q and & (Fig. 6, with Q in place of P).

Assume P and m as in Section 3.5, point Q at (x4,y4,24) and Q' at (x},y;,2;)-

The fold plane A is given by Eq. (6) and it must be normal to segment QQ’ and
pass through its midpoint. Those conditions produce x, = x; and

200 =) = (02— V)2 —2) — (22 —72)(zg —2))- (17)

For a given plane 7 described by ax+ by + cz+d = 0, where a, b, ¢ and d are
constants, the coordinates of Q' satisfy (using x, = x;)

axg+by, +czy+d =0. (18)
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Egs. (17) and (18) may be solved for y’q and z; and three cases are possible:

1. If P = Q then y, =0, z, = 1. Further, if 7 is the plane z = —1 (i.e., 7 contains
m and is perpendicular to the plane spanned by P and m), then z; = —1. In this
case, Eq. (17) is satisfied by any value of y; and therefore the operation has an
infinite number of solutions.

2. If & is a plane parallel to the xy coordinate plane, then a = b =0, ¢ # 0, and
zﬁ] = —d/c (constant). At the same time, if conditions of item 1 above are not
satisfied (z’q =% —1 or P # Q), then Eq. (17) is quadratic in yf] and may have none
to two solutions.

3. In any other case, Eq. (17) results in a cubic for y; or z; and it may have one to
three solutions.

We conclude that the operation is well defined iff P # Q or m ¢ 7w or & is not
perpendicular to the plane spanned by P and m, and it may have none to three
solutions. An example is shown in Fig. 9.

4.3 Operation Is + Iy

This operation combines two different constraints of codimension 2, and it may be
stated as: Given lines m and n, and a point P not on m, fold along a plane to place
P onto m and to reflect half of n onto its other half. Its solution is a fold plane
tangent to the parabolic cylinder generated by P and m (Fig. 5) and normal to n.

The operation has a solution iff line # is parallel to the plane spanned by P and
m, and n is not normal to m, and that solution is unique. An example is shown in
Fig. 10.

4.4 Operation Ig+ I + 1

This operation combines three different constraints of codimension 1, and it may
be stated as: Given planes  and 7, a point P not on @ and a point Q, fold along a
plane passing through Q to place P onto ©t and to reflect half of T onto its other half.
Its solution is a fold plane passing through Q, tangent to the paraboloid generated
by P and & (Fig. 6), and normal to 7.

Assume P and 7 as in Section 3.6, point Q at (x4,y4,24) and T described by
ax+ by +cz+d = 0. The fold plane A is given by Eq. (8) and it must contain Q,
therefore

2sxg +2ty, —4z4 = s2 412, (19)

The normal vectors of A, (2s,2¢,—4), and 7, (a,b, c), must be mutually normal and
so they satisfy
2sa-+2th—4c = 0. (20)

If a # 0 or b # 0 then the Eq. (20) may be solved for parameter s or ¢, re-
spectively, and substituting in Eq. (19) produces a quadratic equation on the other
parameter. Thus, the operation may have none to two solutions. If a =0 and b =0
(i.e., plane 7 is parallel to ) then ¢ # 0 and Eq. (20) is not satisfied. An example
is shown in Fig. 11.
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Figure 9: Example of operation I5 + I with three solutions (the bottom figure has
been rotated to improve clarity). The fold plane A is tangent to the parabolic cylin-
der B, with focus P and directrix line m, and the paraboloid Y, with focus Q and
directrix plane T.
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Figure 10: Example of operation Is+1Ig. The fold plane A is tangent to the parabolic
cylinder &, with focus P and directrix line m, and normal to line n.
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Figure 11: Example of operation Ig + Ig + 111 with two solutions. The fold plane
A is tangent to paraboloid P, with focus P and directrix plane &, contains point Q
and is normal to plane 7.

4.5 Operation 3/
This operation also combines three constraints of codimension 1, and it may be
stated as: Given planes &, T, and p, a point P not on &, a point Q not on T, and
a point R not on p, fold along a plane to place P onto &, Q onto T, and R onto p.
Its solution is a fold plane tangent to the three paraboloids defined by each of the
incidences.

Assume P and 7 as in Section 3.6, point Q at (x4, Y4,24) and Q' at (x},y;,2;)-

The fold plane A is given by Eq. (8); it must be normal to segment QQ’ and pass
through its midpoint. Those conditions produce

2(yq —y;)z +2(xg —x;)z =
—(x

(2 —x2)(2g—2p) — 02—V )2 —2) — (@2~ (zg—2). @D
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Similarly, letting point R be at (x,,y,,z,) and R’ at (x.,y",7.) produces

200, =32+ 200 —x))* =
2 2 2
—G =)@ =) - 07—V e —7) - (-2 —7). (22)
Segments QQ’ and RR’ are parallel (they are both normal to A), therefore,
(X, — X, Yy — Va2 — 2q) = LX) — X0, Y = Vi, 2p — 21). (23)

The coordinates of Q' and R’ must also satisfy the equations for planes 7 and
p, of the form arx+bry+ciz+dr = 0 and apx +bpy+cpz+dp = 0, respectively,
where az, be, ¢z, de, ap, bp, cp, and d, are constants.

The above equations form a system in £ and the coordinates of Q' and R'. An
analysis using Grobner basis computations [Sturmfels 02] in a Computer Algebra
System reveals nine solutions at most. However, it may be shown that two of the
solutions are always complex, which leaves a maximum of seven possible solutions
for the fold operation (calculations are lengthy and are therefore omitted here).

5 Discussion

A 3D extension of origami may be defined based on a set of at most 47 elementary
folding operations. For comparison, let us recall that 2D origami is based on seven
elementary operations [Alperin and Lang 06]. 3D folding takes place on a plane,
and each operation satisfies a set of incidence constraints between given points,
lines and planes with a finite number of solutions. Some of the operations have
been analyzed, and it has been shown that one of them may have up to seven solu-
tions. Again, for comparison, let us recall that the maximum number of solutions
to 2D operations is 3. As a next step, a complete analysis of all 3D operations to
determine conditions for solutions and their number would be desirable.

This analysis may found application to studies of Universe structure in cosmol-
ogy. The concept of 3D origami tessellations has been used to model the large-scale
distribution of matter in filaments, clusters and voids [Neyrinck 14]. In that model,
a 3D “sheet” of dark matter folds within a 6D Eulerian space (three spacial dimen-
sions plus three velocity dimensions). Superposed regions of the folded 3D “sheet”
form walls, streams and nodes, which approximates the observed distribution of
galaxies. The present results might add to the mathematical formalization of such
model and facilitate computer simulations.
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