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On the Elementary Single-Fold Operations of Origami:
Reflections and Incidence Constraints on the Plane

Jorge C. Lucero

Abstract. This article reviews the so-called “axioms” of origami (paper fold-
ing), which are elementary single-fold operations to achieve inciderete®bn
points and lines in a sheet of paper. The geometry of reflections is apatidd
exhaustive analysis of all possible incidences reveals a set of eighemriary
operations. The set includes the previously known seven “axiomss,thiiop-
eration of folding along a given line. This operation has been ignoredsh pa
studies because it does not create a new line. However, completéribeset
and its regular application in practical origami dictate its inclusion. Fornfal de
nitions and conditions of existence of solutions are given for all the tipasa

1. Introduction

Three decades ago, Justin [18] introduced a set of 7 elementary &olylep-
erations which have become known as the “axioms” of origami, the Japartese
of paper folding [1, 2, 11]. Each operation is defined by one or moramiants
(incidences) between points and lines on a sheet of paper, that mushibeea
with a single fold. The number of solutions of each operation must be finite; ho
ever, depending on the relative position of the given points and lines, gbthe
operations may have none, one or multiple solutions. It has been showhet st
of operations constitutes a more powerful geometrical tool than the comlrinatio
of straight edge and compass [1]. For example, the operations allowefdrith
section of arbitrary angles [14], solving the problem of duplicating theeday],
constructing heptagons [10] and solving cubic and fourth order eausdtlo 9], all
of which may be not done by straight edge and compass alone.

Justin’s work [18] seems to have been overlooked at its time, and the same
fold operations have been rediscovered later and expressed @amiersforms by
Huzita [15], Hatori (according to [2]) and other enthusiasts of origantheraatics
[1, 3, 9, 20, 23]. The operations are popularly known today as Hsztaoms,
Huzita-Justin's axioms or Huzita-Hatori's axiomd.et us note that the designation
as “axioms” is not correct since some of the operations may be deriveddthers,
and further, some of them may not be possible depending on the cotifiguoé
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1In his work, Huzita [15] listed six of Justin’s fold operations. The sevewils rediscovered by
Hatori, in 2001 (according to [2]).
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given points and lines. It has been claimed that the set is complete, in the sens
that it contemplates all possible alignments between points and lines with a finite
number of solutions, and excluding redundant alignments [2].

More recently, Kasem et al. [19] showed several inconsistencies iopbe-
tions owing to the rather imprecise form in which they had been stated. The-inco
sistencies included impossibility of some folds, infinite solutions and supesfluou
conditions. Seeking a more rigorous treatment, Ghourabi et al. [11pssed
the operations in formal algebraic terms and analyzed their number of salution
and conditions of existence. Such a formalization is a necessary stepdpt- a
ing folding techniques to industrial applications. In fact, recent years baen a
surge of applications of origami to science and technology, e.g., in aeresmd
automotive technology [4], materials science [27], biology [22], civijierering
[8], robotics [7] and acoustics [13]. Further, a number of computatisystems
of arigami simulation have been developed [16]. The present article feltbe
call for normalization and analyzes the elementary operations by applyirgethe
ometry of reflections. Folding a sheet of paper along a straight line gopes
the paper on one side of the fold line to the other side. As a result, all poidts an
lines on each side of fold line are reflected across it onto the other siflelf23
fact, the geometry of paper folding may be reproduced by using a semitied
mirror called “Mira” [5]. A full geometrical characterization of Mira consttions
has been given in terms of “primitive actions” [6], which are equivaletih&ofold
operations studied here.

First, the analysis will determine all possible incidences between given points
and lines on a plane that may be achieved by a reflection. Next, it will deliive
possible fold operations that may be defined so as to satisfy combinatiors thos
incidences. In this way, a total of eight elementary operations will be olataine
i.e., one more than the previous set, where the new operation is to fold along a
given line. This operation has been commonly disregarded by previaliestn
the argument that it does not create a new line; however, completentrss st
demands its inclusion. Further, it has applications in actual origami foldingila
be discussed later (Section 5).

2. Reflections on a plane

The medium on which all folds are performed is assumed to be an infinite Eu-
clidean plane [9]. Points are denoted by capital lettéts etc.), lines by small
letters (n, n etc.), except the fold line which is denoted by the special symbol
and P € m means that poin® is on linem.

A reflection is defined as follows [23]:

Definition 1. Given a liney, the reflection in y is the mapping on the set of
points in the plane such that for poir,

P ifPey,
P’ if P ¢ xandy is the perpendicular bisector of segmeng” .

F(P) = {

(see Figure 1)
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It is easy to see thak(P) = P’ ifand only if F(P’) = P.
Reflection of a linen in  is obtained by reflecting every pointin. Therefore,
F(m)={F(P)|P € m}. Letm’ = F(m) and consider the following cases:

Figure 1

1. If m andy are parallel{ || x), thenm || m/ (Figure 2, left).

2. If m and x are not parallel«. } x) then liney is a bisector of the angle
betweenn andm/’ (Figure 2, center).

3. If m = x, then every point inn is its own reflection, and therefore’ = m.

4. If m andy are perpendiculam{ L x), then the reflection of every point of
m is also on m; thereforen = m’ (Figure 2, right). Note also that dividesm
into two halves, and each half is reflected onto the other. Thus, for poény P
onm and not on the intersection with, 7 (P

N

Figure 2

3. Incidence constraints

Elementary single-fold operations are defined in terms of incidence cimstra
between pairs of objects (points or lines) that must be satisfied with a foldL[2,
18]. Each constraint involves an objeetand the imageF (/) of an objects
(including the casex = () by reflection in the fold line. The symmetry of the
reflection mapping implies that all incidence relations are also symmetric.

A total of six different incidences are possible on a plane, an they digede
and analyzed in the next subsections (see also Table 1). In ordeiliatfathe
posterior definitions of the fold operations, incidences involving distingtcib
(i.e.,a # B) are distinguished from those involving the same object (.e-, 3).
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3.1 Incidences involving distinct objects.

Incidence I11. F(P) = @, with P # Q.

In this incidence, the reflection of a given poiRtcoincides with another given
point . According to Definition 1, its solution is the unique fold ligewhich is
the perpendicular bisector of segméd.

Incidence 12. F(m) = n, with m # n.
In this incidence, the reflection of a given linecoincides with another given line
n.

Two cases are possible:

(1) Whenm } n, there are two possible fold lines that satisfy the incidence,
which are the bisectors to the angles definedrbgndn (Figure 3).

(2) Whenm || n, there is only one solution, which is a fold line parallel and
equidistant to bothn andn (Figure 2, left, withm’ = n).

m

X2

Figure 3

Incidence 13. 7(P) € m, with P ¢ m.

In this incidence, the reflection of a given poiRtis on a given linem, and the
case in whichP is already onn is excluded. It has been shown that the fold lines
that satisfy the incidence are tangents to a parabola with fBcaisd directrixm

[1, 23].

It is useful to derive equations of the fold lines and the associated garab
for later application to the analysis of fold operations. Without loss of gditer
choose a Cartesian system of coordinategso thatP is located at0, 1) and line
misy = —1 (Figure 4). Also, letP’ = F(P) be located att, —1), wheret is a
free parameter.

The slope of segmerit P’ is —2/t. The fold liney is perpendicular t&” P’ and
therefore has a slope of2. Further,y passes through the midpoint Bf?’, which
is located att/2,0). Thus,y has an equation

A o
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Next, consider point’ located at the intersection gfwith a vertical line through
P'. Its coordinates may be obtained by evaluating Equation (@ )at, which pro-
duces(t, t2/4). Those coordinates describe parametrically a parabola with equa-
tion
x2
T @)
which is denoted by. This is precisely the equation of a parabola with focus at
(0,1) and directrixy = —1. 2 Further, note that the slope of a tangenitat point
T isy'(t) = t/2, which is the same slope qf Therefore is a line tangent ta
at pointT'.

y:

m

Figure 4

Sincet in Equation (1) is a free parameter, then the solution to this incidence is
a family of fold lines with one parameter (Figure 5).

m

Figure 5

2The general equation of a parabola with vertical axis and vertéx 8) isy = x?/(4a), where
a is the distance from the vertex to the directyix= —a or the focug0, a) [26].
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The case’ € m is excluded because under such condition any fold line passing
through P or perpendicular ton satisfies the incidence. Those two possibilities
are considered in incidences 14 and 15, respectively.

3.2 Incidences involving an object and its reflected image.

Incidence 14. F(P) = P.

In this incidence, the reflection of a given poiRtcoincides with itself, and it is
satisfied by any fold line¢ passing throughP? . An arbitrary direction for line

x may be defined by its angke with, e.g., thez-axis in a Cartesian coordinate
system. Therefore, the solution to the incidence is a family of fold lines with one
parameter (Figure 6).

Figure 6

Incidence 15. F(m) = m, and3P € m, F(P) # P.
Both this and the next incidence consider the reflection of artinie itself. As dis-
cussed in Section 2, there are two ways in which such a reflection may ieeedth
In the current case, one half of, defined from an arbitrary poim® € m, is re-
flected upon the opposite half.

The position of point? may be specified by its distanedérom a particular point
Py € m. Therefore, the solution to the incidence is a family of fold lines with one
free parameter (Figure 7).

Figure 7
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Incidence 16. (m) = m, and3P € m, F(P) = P.

This is the second case of reflection of lineto itself. In this case, each point

P € m is reflected to itself, and therefore the incidence is satisfied by the unique
fold line x = m.

4. Elementary fold operations

4.1 Definition. A straight line on a plane is an object with two degrees of free-
dom.® When an incidence constraint is set for satisfying the constraint con-
sumes a number of degrees of freedom, and that number is called the ceidimen
of the constraint. Incidences 11, 12 and 16 have either a unigue or a finitger

of solutions; therefore, those incidences have codimersidbn the other hand,
each of incidences 13, 14 and 15 have a family of solutions with one freznpeater
and therefore they have codimensibfTable 1).

Table 1: Incidence constraints.

Incidence Definition Codimension
1 F(P)=Q,with P #Q 2
12 (m) =n,withm #n 2
13 (P) 6 m, with P ¢ m 1
14 (P) = 1
15 F(m) =m, andEIPEm.F( )£ P 1
16 F(m)=m,and3IP € m, F(P) =P 2

a P and( are pointsyn andn are lines.

An elementary single-fold operation is defined as a minimal set of alignments
between points and lines that is satisfied with a single fold and has a finite number
of solutions [2]. Equivalently, it is the resolution of a set of incidencest@ints
which have a total codimension 2f

Each of the incidences 11, 12 and 16 already define an elementarytaperéahe
other three incidences must be applied in pairs (including pairing incidertes
same type), and there are a total of 6 possible pairs. However, incitienaa be
not be used twice. If it is, then for given linesandn the fold linex has to satisfy
both F(m) = m andF(n) = n. Therefore,y must be perpendicular to both
andn, and two cases are possible:

(1) If m }Jf n, then a perpendicular to both lines does not exist (in the Euclidean
plane).
(2) If m || n, then any perpendicular te or n is a valid fold line.

Thus, the pair of constraints has none or infinite solutions, and so it dies n
define a valid elementary fold operation.

3A fold line x may be defined by an equation of the foun + by + ¢ = 0, wherea, b andc
are constants, an@;, b) is a normal vector tg¢. A vector in arbitrary direction may be defined by
lettinga = cos#, b = sin 6§, with 0 < 6 < 2x. Therefore, two parameters must be set in order to
define any fold line, namely, andc.
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A total of eight elementary fold operations may be then defined, and they are
analyzed in the next subsections.

4.2. Elementary operations defined by codimen&amcidences.
The following three operations are defined by incidences 11, 12 and$pectively.

Operation O1. Given pointsP and@, with P # @, construct a fold line so that
F(P) =Q.

Operation O2. Given linesm andn, with m # n, construct a fold line so that
F(m) =n.

Operation O3. Given a linem, construct a fold line so that(m) = m, and
3P ¢ m,F(P) = P.

5. Elementary operations defined by pairs of codimensiof incidences

Operation O4. Given pointsP and@, with P # @, construct a fold line so that
F(P)=PandF(Q) = Q.

This operation is defined by application of incidence 14 to two distinct points.
It has a unique solution, which is a fold ling passing through point® and @
(Figure 8).

Figure 8

Operation O5. Given a pointP and a linem, construct a fold line such that
F(P) = PandF(m) =m,and3Q € m, F(Q) # Q.

This operation is defined by application of incidences 14 and 15. It hasqua
solution, which is a fold liney perpendicular ten and passing througk (Figure
9). Note that the casE € m is allowed, which has the same unique solution.

Operation O6. Given pointsP, @, and a linem, with P ¢ m, construct a fold
line such thatF (P) € m andF(Q) = Q.

This operation is defined by application of incidences I3 and 14. Its soligion
a fold line that is tangent to a parabola with foddsand directrixm, and passes
through point).
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m P

Figure 9

Assume the same parabola of Figure 4, given by Equation (2), and a@aint
the position(z,, y,). Replacing the coordinates &f in Equation (1) produces the
quadratic equation

2 — 2zt + dy, = 0. (3)
The discriminant of Equation (3) i& = 4z — 16y,, andA = 0 yieldsy, = z2/4,
which implies@Q € . SinceV is the locus of points that are equidistant frdgm
andm, we may conclude that the fold operation has a unique solution Vihisn
equidistant taP? andm, two solutions wheird) is closer tom (i.e.,y, < :cg/zl), and
no solution wher@ is closer toP (i.e.,y, > x?]/4).
Figure 10 shows an example for the case of two solutions.

Figure 10

Operation O7. Given pointsP, @, and linesm, n, with P ¢ m, Q ¢ n, and
P # Q orm # n, construct a fold line so tha&(P) € m andF(Q) € n.

This operation derives from the application of incidence 13 to two distinicttpo
line pairs. Its solution is a fold line that is tangent to both a paratyoleth focus
P and directrixm, and a parabol® with focus@ and directrixn.



216 J. C. Lucero

Again, assume the same parab@laf Figure 4, given by Equation (2). Assume
also that) is located atz,, y,), and its reflectiod)’ = F(Q) is at(z, y,). Then,

the segmenf )’ has sIope((gZ:—z‘})). The fold liney, given by Equation (1), has
q

slopet/2 and is perpendicular tQ(Q’ (because it reflect§ ontoQ’). Therefore,

t Tq— x’q

- = . 4

2 Yq — g )
Further,x passes through the midpoint@tY)’, which is located a(z,+x7) /2, (y,+
v;)/2). Replacing these coordinates into Equation (1) produces

2(yq + Yg) = t(zq + g — 1). (5)
Finally, eliminatingt from Equations (4) and (5) produces
(va + Y) (0o = ¥)* = = (25 — & )yq — v) = 2zg —2)* ()
For a given linen, the coordinates af)’ satisfy an equation of the form
aa:’q + byfl +c=0, (7)

wherea, b andc are constants.

Equations (6) and (7) may be solved fdy andy,. Substituting this solution
into Equation (4) yields, which defines the fold ling in Equation (1). Two cases
may be considered:

(1) If m || n, then@’ is on a horizontal line and sg, = —c/b. In this case,
Equation (6) is quadratic im, and may have zero to two solutions.

(2) If m }f n, solving Equation (7) for, or y; and replacing in Equation (6)
produces a cubic equation with one to three solutions. An example for the
latter case is shown in Figure 11.

Let us investigate further the conditions to ensure the existence of soluiens
noted above, the operation may not have a solution only in the case [pfn.
Rearranging Equation (6) produces

(2= yg + ) (wg — ) + 224 (yg — vo) (T — ) + (g +¥)) (Y — vy)* = 0, (8)
which is a quadratic equation i, — z). The discriminant is

A =43 (yq — Yg)? = 42 = yq + o) (g + yi) (g — ¥)* ©)
and lettingA > 0 produces
zp+ (yg — 1)° > (U, + 1)% (10)

The left side of Equation (10) is the squared distance betweand @, and
the right side is the squared distance betweeandn. This result does not seem
reported in the literature, and may be stated as a theorem:

Theorem 1. Given pointsP, @, and linesm, n, with P ¢ m, Q ¢ n,and P # @
or m # n, a fold line that places” onm and ) on n exists if and only if the
distance betweeR and () is larger than or equal to the distance betwearand
n.
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v

Figure 11

Operation 08. Given pointP and linesm andn, with P ¢ m, construct a fold
line so thatF(P) € m andF(n) = nand3Q € n, F(Q) # Q.

This operation is defined by application of incidences 13 and 15. Its solution
is a fold line that is tangent to a parabola with foddsand directrixm, and is
perpendicular to line.

X

Figure 12

As in the previous operation, assume the same parabola of Figure 4 given b
Equation (2), and a line with equationaz + by + ¢ = 0. The fold linex has slope
t/2 and is perpendicular te. Two cases may be considered:
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(1) If m } n, thena # 0. Therefore,

t b
5= "2 (11)
which has a unique solution fer(Figure 12). Knowingt, Equation (11)
defines the fold ling.
(2) If m || n, thenn is a horizontal line and cannot be perpendicular to any

tangent to parabolé. In this case, the operation does not have a solution.

5.1 Summary.Table 2 lists the incidence constraints that define each operation
and their number of solutions, Table 3 lists the conditions for the existence of
solutions, and Table 4 restates the operations as folding actions of a m@&dium

6. Discussion

The complete set of elementary single-fold operations contains eightiops;a
listed in Table 4. Operations O1, O2 and O4 to O8 constitute Justin’s original se
[18], and operation O3 is the new addition proposed here. O3 doesaadé@ new
line and has been ignored in previous studies on origami constructiong]j2
However, it is a valid elementary single-fold operation and completeneses séth
demands its inclusion.

Table 2: Incidence constraints and number of solutions of
the elementary single-fold operations.

Operation Incidence constraints Solutions
o1 F(P)=Q,withP # Q 1
02 F(m)=n,withm #n 1,2
(OX] F(m) =m ,and3P € m, F(P) =P 1
04 F(P)=PandF(Q) =Q,with P # Q 1
05 F(P) = P andF(m) = m,
and3Q € m, F(Q) # Q 1
06 F(P) € m,with P ¢ m, and}‘(Q) Q 0-2
o7 F(P) € m,with P ¢ m, F(Q) €

Wltthén,andP;éQormyén 0-3
08 F(P) € m,with P ¢ m, andF(n) = n,
and3Q € n, F(Q) # Q 0,1

Table 3: Conditions for the existence of solutions of
the elementary single-fold operations.

Operation Conditions
O1to O5 none

06 distance betweeR and( larger than distance betweéhandm
o7 distance betweeR and( larger than distance betweenandn
08 mhin

4n his formulation, Justin [18] allowed for solutions where the fold line itselhcides with an
existent line. However, such action was not considered as a foldtapeom its own.



On the elementary single-fold operations of Origami 219

Table 4: Elementary single-fold operations restated as folding actions.

No. Actior®
O1 Given two distinct point® and@, fold O to placeP onto Q.
02 Given two distinct linesn andn, fold O to alignm andn.
03 Fold along a given a lines.
04 Given two distinct point® and@, fold O along a line
passing through® and@.
O5 Given alinen and a point P, fold) along a line
passing througt® to reflect half ofm onto its other half.
06 Given aline m, a poinP not onm and a pointy,
fold O along a line passing through to placeP ontom.
O7 Given two linesn andn, a pointP not onm and a point) not onn,
wherem andn are distinct orP and() are distinct,
fold O to placeP ontom, and@ onton.
08 Given two linesn andn, and a pointP not onm, fold O
to placeP ontom, and to reflect half ofi onto its other half.
2 O denotes the medium in which folds are performed; e.g., a sheet of paper,
fabric, plastic, metal or any other foldable material.

There is also a more practical reason for not ignoring O3. Folding & sifiee
paper along a line superposes the paper on both sides of the fold line, layve.

In origami mathematics, it is assumed that all lines and points marked on one layer
are also defined on the layers above and below, as if the paper wersgarant”

[9, 23]. However, it is not so in actual paper folding: a given origararkvmay
require to fold, e.g., the top layer along a line marked on the layer below it. Such
is the case when folding parallel lines for building tessellation grids [12jrsee
struction 5 for a triangle grid in p. 8]. Figure 13 shows a simple example.rAssu

a sheet of paper (not necessarily square) in which two parallel tinaad n are
marked, and assume that we want to create a third equidistant parallel Bo¢o.
steps (1) and (2) require to fold along given lines (n and m, respectivisigtu-

rally, it would be also possible to use the points of intersections @ndn with

the borders of the paper as references, instead of the lines themsEies.the
instruction for step (2) could be: fold the top layer along a line passing grou
points P and () on the bottom layer, wher® and( are the intersections ofi

with the upper and lower edges of the paper. However, in actual prédsaauch
simpler and convenient to perform the fold by aligning it with lime Further, it
might be the case that the borders of the paper are not well defineavemot
been defined) or that it is considered as a theoretical infinite plane.

O3 is also a common instruction also for building figurative models [21, see
steps 8 and 16 of “Baby” in page 88, and step 6 of “Songbird 2” in paifg. 3
Thus, the operation should be in the repertoire of, e.g., computationafsy/fte
origami simulation and design [17, 25].
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/.

m [n n m[~_/n m [n Jfo

(1) (2) 3) (4)

Figure 13. Given parallel lines: and n, create a third equidistant parallel line
at the left of n. (1) Fold along line n. (2) Fold the top layer along linén the
bottom layer. (3) Unfold. (4) Final result.

7. Conclusion

Analysis of reflections of points and lines on a plane subject to incidente co
straints has determined a complete set of eight elementary single-fold opsratio
Precise definitions and conditions of existence of solutions of all opesation
given in Tables 2 to 4, which may be useful to scientific and technologiqdicap
tions of origami.
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